Pulsar timing array (PTA) provides an excellent opportunity to detect the gravitational waves (GWs) in nanoHertz frequency band. In particular, due to the larger number of "arms" in PTA, it can be used to test gravity by probing the non-Einsteinian polarization modes of GWs, including two spin-1 shear modes labeled by "sn" and "se", the spin-0 transverse mode labeled by "b" and the longitudinal mode labeled by "l". In this paper, we investigate the capabilities of the current and potential future PTAs, which are quantified by the constraints on the amplitudes parameters (c b , c sn , c se , c l ), by observing an individual supermassive black hole binary in Virgo cluster. We find that for binary with chirp mass M c = 8.77 × 10 8 M and GW frequency f = 10 −9 Hz, the PTA at current level can detect these GW modes if c b > 0.00106, c l > 0.00217, c se > 0.00271, c sn > 0.00141, which will be improved by about two orders if considering the potential PTA in SKA era. Interesting enough, due to effects of the geometrical factors, we find that in SKA era, the constraints on the l, sn, se modes of GWs are purely dominated by several pulsars, instead of the full pulsars in PTA.
Introduction
Einstein's general theory of relativity (GR) is thought as the most successful theory to describe gravitational physics. Since GR was proposed, it has been strictly tested in various cases, and the predictions of GR have received experimental confirmation in high precision [1] [2]. However, the difficulty of quantization, as well as the problems in galactic dynamics and cosmology, motivate people to try to find feasible alternative gravity theories. It is well known that there exist two polarizations of gravitational waves h + and h × in GR. However, in metric theories of gravity, gravitational waves (GWs) can have up to six possible polarizations. Massless scalar-tensor gravitational waves contain the transverse breathing mode [3] . In massive scalar-tensor theories, the longitudinal mode exist [4] . More general metric theories predict additional longitudinal modes, up to the full complement of six [1] [2]. Thus, GR and its alternatives can be tested by measuring the polarization properties of GWs.
Since the detection of GW event GW150914 in 2015 [5] , LIGO and Virgo collaborations have directly detected six GWs events [6] [7] [8] [9] [10] [11] [12] . The direct detections of GWs inaugurate the new era of gravitational-wave astronomy. However, the two detectors of LIGO have been constructed to have their respective arms as parallel as possible. While this configuration maximizes the joint sensitivity of the two detectors to gravitational waves, their ability to detect different modes of polarization is minimized. The pulsar timing array (PTA),
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which is constituted by an array of millisecond pulsars (MSP) observed in a long time, offers an alternative way to detect GWs in the nanohertz band (1-100nHz) [13, 14] . Unlike interferometric detectors, a PTA includes a large number of "arms". Although there will be a network of interferometric detectors in the near future, the directional complexity makes PTA superior for detecting different polarization modes of GWs.
In previous work [15] , the sensitivity of PTA to the other four possible non-Einsteinian polarizations of isotropic stochastic GWs background has been considered. In this paper, we focus on the continuous GWs from individual sources. We analyze the capabilities of current and future PTAs to constrain the non-Einsteinian polarizations. The sources considered in this paper are inspiralling supermassive black hole binaries (SMHBs) in circular orbits. The frequency evolution over a typical PTA data span is smaller than the frequency resolution of PTA observation. In addition, binary systems spend most of their lifetime in slowly evolving period. Monochromatic binaries can represent the majority of detectable sources. Therefore, we neglect the frequency evolution of binaries in the analyses.
The outline of this paper is as follows. In section 2, we review the response of the timing residuals obtained in pulsar timing experiments to single-source GWs considered in this paper. In particular, we generalize this result to all the nonEinsteinian polarizations of GWs. In section 3, we analyze the capabilities of current and future PTAs to constrain the non-Einsteinian polarizations. The summary and discussion of the results is given in section 4.
Pulsar timing residuals caused by gravitational waves
The radio pulses from pulsars, especially millisecond pulsars, have an extremely stable regularity. The null geodesics of radio waves from pulsars can be perturbed by GWs, which induce the fluctuations of pulse arrival times. The timing residuals, which are obtained by subtracting out all known effects from observed pulse arrival times, contain the information of GWs. If the measurements of timing residuals are precise enough, it is possible to directly detect the GWs. In this section, we will present the derivation of Detweiler's formulae from which we can obtain the relationship between the metric perturbation and the timing residuals measured in pulsar timing experiments. Meanwhile, we extend these results to all the other non-Einsteinian polarizations of GWs.
GWs in GR
Let us first consider two Einsteinian modes of GWs. The following results have derived in [14, 16] . In this paper, we summary these calculations and extend them to the general polarization modes of GWs. In linearized theory with the transverse and traceless gauge, we have the metric
In Minkowksi space-time, the null vector of radio waves from pulsar to earth can be written as
where α, β, γ are the direction cosines with thex,ŷ,ẑ directions respectively, and ν is the frequency of pulse. In perturbed space-time, photon's null vector becomes σ µ which satisfy
In the linear theory, this equation can be written as,
Ignoring the higher order terms, we obtain
Thus, the null vector in perturbed space-time becomes
which can be explicitly computed in perturbed space-time,
The t-component of σ µ satisfies geodesic equation as follows,
i.e.,
First, let us consider a special case that gravitational waves propagate alongẑ direction, i.e. h µν (t, z) = h µν (t − z). So, we can have
and
Because of σ µ = dx µ /dλ, we obtain that
Using relations in (14) and (15), the equation (12) becomes
Similarly, we also obtain
The time derivatives in equation (11) as derivatives with respect to the affine parameter λ are given by,
Substituting above equations into equation (11), we get
Integrating from pulsar to earth along the geodesic curve, we derive the final result,
where ν(t) is the observed frequencies of pulsar, ν 0 is the emitted frequencies, and ∆h +,× = h e +,× − h p +,× is the difference between the metric perturbation at the pulsar and the observer. Now we will derive the contribution from gravitational waves in arbitrary direction. It is a generalization of the results derived previously. As before, we consider the σ 0 component of geodesic equation, and only preserve the first order of perturbation,
We can write s µ as s µ = ν(1, −p), where thep is the direction vector of the pulsar. So
where i and j are spatial indices. The metric perturbation of gravitational waves propagating alongΩ direction has the form h µν (t −Ω · x). We replace the time derivatives in equation (22) with the λ derivatives as follows,
It should be noted that, in perturbed space-time, the null vector of photon is the function of the affine parameter instead of constant. The relationship, s µ = dx µ /dλ = ν(1, −p), is valid only in Minkowski space-time. In perturbed space-time, there is a small difference between d x/dλ and −p. But the deviation is in terms of O(h), and we have neglected this deviation in the derivation of equation (23) . Substituting (23) into geodesic equation (22), we obtain
1 ν
Integrating from pulsar to earth as previous, we can get
In practice, the timing residual R(t) that we can obtain in pulsar timing experiments, is defined as (26):
GWs in the general metric theory
In a general metric theory, gravitational waves can have up to six possible polarization modes as follows,
The "+" and "×" denote the two Einsteinian polarization modes; the "sn" and "se" denote the two spin-1 shear modes; the "l" and "b" denote the spin-0 longitudinal mode and the spin-0 breathing mode. It has been shown that the result (26) derived above is valid for other four polarization modes as well [15] . It is convenient to use polarization tensors A µν (Ω) (with A = +, ×, b, se, sn, l labeling the polarizations) to describe the metric perturbation,
The equation (26) can be written as
For convenience, we define the geometrical term:
which depends on the position of the GW source, the Earth and the pulsar, as well as the polarization mode of GW.
The coordinate system:p is the direction of a pulsar,r is the direction of a gravitational source (note:r = −Ω),α andδ are unit vectors orthogonal to the propagation direction and to each other,α points to increasing right ascension,δ points to increasing declination.
For a given coordinate system, the triad (x,ŷ,ẑ) is the fundamental celestial frame. (α, δ) and (α p , δ p ) are the right ascension and declination of GW source and pulsar, respectively. Then,
Now, we can explicitly write the polarization tensors as follows:
It is straightforward to calculate geometry terms (31) of the four non-Einsteinian polarization modes,
where θ is the opening angle between the GW source and pulsar with respect to the observer,
The GW strain term ∆h A is the difference between the metric perturbation at the geodesic ending, i.e. the Earth term, h A (t e −Ω · x e ), and the metric perturbation at the geodesic beginning, i.e. the pulsar term, h A (t p −Ω · x p ). We consider a frame in which t e = t, x e = 0,
where d p is the pulsar distance. The GW strain term is written as:
The specific functional forms of the strain depend on the type of sources. In this paper, we consider supermassive black hole binaries (SMBHBs) in circular orbits, and neglect the frequency evolution. In the general modified gravity, the waveforms of non-Einsteinian modes have the following forms [17] ,
to leading PN order, where ι is the inclination angle of the binary orbital angular momentum with respect to the line of sight, Φ orb is the orbital phase. The quantities c A are parameters of four polarizations, which depends on the theory of gravity. In this paper, for the general metric of gravity, we set them as the free parameters, and are constrained by pulsar timing experiments. And these constraints have been easily translated to the constraint on the parameters of the gravitational theories. h 0 defined as
in which r is the distance to the GWs source, f orb is the orbital frequency, M c is the binary chirp mass defined as M
with m 1 and m 2 being the binary component masses. Now we can write down the pulsar timing residuals for four non-Einsteinian polarizations, respectively
where we have set the polarization angle and phase constant to zero.
The capabilities of current and future PTAs to constrain the non-Einsteinian polarizations
In this section, we will analyze the capabilities of current and future PTAs to constrain the parameters (c b , c sn , c se , c l ) of equations (40) in various cases. From equations (40), we can see that timing residuals depend on chirp mass, orbital frequency and inclination angle of the binary, as well as distances and celestial positions of the binary and the pulsars. In this work, we consider the influence of chirp mass, orbital frequency and inclination angle on the capabilities of PTAs to constrain the non-Einsteinian polarizations. For the binary, It has been shown that the Virgo cluster may represent a gravitational waves hotspot for PTAs searches [18] , so we consider a circular binary system with distance r = 16.5 Mpc and celestial position (α, δ) = (3.2594 rad, 0.2219 rad) located in the Virgo cluster as in the previous work [19] . In our analyses, we assume an observation with 10-year span and 2-week cadence, which determines the sensitivity frequency band [20] .
The lower frequency limit is 1/T span , where T span is the total observational span. The upper frequency limit depends on the sampling pattern. In our analyses, the observational data are assumed to be evenly sampled. So, we can simply use Nyquist frequency 1/2T cadence as the upper limit, where T cadence is the two-week interval between two observations. The detection threshold is set to ρ = 10. ρ is the signal-tonoise ratio defined as [19] :
where R A (t) is the timing residual caused by GWs as shown in equations (40) (A denotes the polarization modes which can be +, ×, b, se, sn, l), σ j is the noise RMS of j-th pulsar, N obs is the total number of sampling points, N p is the number of pulsars, ρ j is the individual signal-to-noise ratio for each pulsar. The capabilities of PTAs to constrain the non-Einsteinian polarizations are represented by the quantities of parameters (c b , c sn , c se , c l ) that can make signal-to-noise ratio just reach the detection threshold. Table 1 The RMS timing residual levels and distances for the 30 pulsars in the simulated PTA date sets, which are taken from the previous work [19] . The RMS timing residuals broadly represent the actual measurements of current PTA data sets. The distances of pulsars come from ATNF Pulsar Catalogue [21] . Note that distances are poorly known for most of pulsars listed here. 
Constraints by present PTAs
We use the same simulated PTA data sets in the previous work [19] to represent current PTAs. The PTA date sets consist of 30 pulsars as listed in table (1). The RMS timing residuals broadly represent the actual measurements of current PTA data sets. The distances and celestial positions of pulsars come from ATNF Pulsar Catalogue 1) [21] . The influence of frequence f . The sensitivity frequency band is determined by the span and cadence of the observation [20] . We assume an observation with 10-year span and 2-week cadence, which corresponds to the frequency band 3.17−414nHz. We consider the chirp mass M c = 1.93×10 8 M which was used in the previous work [19] . The distance and celestial position of the binary, as well as the PTA data sets remain the same with the case that we have considered above. Differently, here we consider the cases with various f .
The results are shown in figure (3) . It is noticeable that the constraints have some fluctuations when we consider the influence of frequency. We can see that from the equation (40), the frequency is different from the chirp mass and the inclination angle, it appears not only in the amplitude term but also in the phase term. The signal-to-noise ratio (41) is the accumulation of the contributions of every pulsar in the PTA. When we increase the frequency, the parts of amplitude terms in equation (40) c . The more massive binaries correspond to the stronger signal for which the constraints are better. As the inclination angle increasing, the lines of sn mode keep stationary, the lines of b and l modes move down, the lines of se mode move upwards. This feature is coincident with the previous cases.
Constraints by next generation PTAs
The eagerly anticipated next generation radio telescope facility, Square Kilometer Array (SKA), will be able to conduct a new era of astronomy, break new ground in astronomical observations. From the simulations based on pulsar population modes, it has been shown that there are up to 14000 normal pulsars and 6000 millisecond pulsars can be discovered by SKA [22] . The number of pulsars, which can be used in next generation PTAs, will be hundreds, instead of few dozens in current PTAs. In addition to the larger array of pulsars, the timing precision and accuracy will be enhanced remarkably by SKA. With the improved sensitivity of SKA, timing uncertainties of most stable MSPs will be less than 100 ns.
We use the simulated PTA which is taken from the previous work [23] to represent future PTAs. The PTA considered here was constructed using simulated pulsar catalog in [22] and selecting 1026 MSPs within 3 kpc from us. Their locations are shown in figure (5) . As in the previous case at which we discussed the current PTAs, we assume an observation with 10-year span and 2-week cadence. The pattern of the observation determines the sensitivity frequency band which is the same with the previous case. An independently and identically distributed zero mean Gaussian noise is considered. The RMS is set to 100 ns for each pulsar [23] .
The analyses are similar with the previous case at which we discussed the current PTAs, except that the pulsars constituting the PTA are substituted and the RMS of noise is better. By the similar analyses, we investigate the influence of chirp mass, orbital frequency and inclination angle on the capabilities of PTAs to constrain the non-Einsteinian polarizations. The capabilities of PTAs to constrain the non-Einsteinian polarizations are represented by the quantities of parameters (c b , c sn , c se , c l ). The position and celestial position of the GWs source, the detection threshold, the pattern of observations which determines the frequency band when we consider the influence of frequency, the range of chirp mass when we consider the influence of chirp mass, as well as the four sets of signals when we consider the influence of inclination angle, are the same with before. The results are shown in figure(6), figure(7) and figure (8) .
Because of the larger array of pulsars and more accurate measurement, the capabilities of PTAs in SKA era to constrain the parameters in non-Einsteinian polarizations are remarkably enhanced. Considering the influence of inclination angle, with the optimal inclination angle, for case 1 with Comparing the results of the current PTA with the corresponding figures of the future PTA, besides the constraints are better, we can find that the order of four lines has some changes, which means that the order of capabilities to constrain the four modes has changes in the same case. The changes result from the influence of geometrical terms (31). The magnitude of geometrical terms of four modes (for the specific celestial position of the GWs source considered in this work) and celestial positions of pulsars are shown in figure (9) , in which the blue dots denote simulated pulsars in the future PTA, the dark blue triangles denote pulsars in the current PTA. Because of geometrical terms, for a pulsar located at a specific position, the timing residual responses to four polarization modes are different. The order of capabilities to constrain the four modes will change, if we use different pulsar sets constituting the PTA. Table 2 The variance of square of geometrical terms of pulsars. For the specific celestial position of the GWs source, the magnitude of geometrical terms of pulsars can be calculated by equations (34). The variance reveals the spread of the values of geometrical terms. The small variance means that the contributions of each pulsar in the PTA to the signal-to-noise ratio are comparable; the large variance means that there are some pulsars which have dominant contributions to the signal-to-noise ratio. (7), It is confusing that the features of four modes are quite different in the figure (7). We attribute this to the geometrical terms. The timing residual responses to four polarization modes are shown in equations (40). For every pulsar, when we vary the frequency, the changes of amplitude terms in equations (40) are monotonic, but the changes of the part in braces of equations (40) have different cases. Therefore, if there are many pulsars to accumulate in calculations of the signal-to-noise ratio (41), the fluctuations will be suppressed. However, because of the existence of geometrical terms, it is possible that only a few pulsars in the PTA have dominant contributions to the signal-to-noise ratio (41). The magnitude of geometrical terms of four modes (for the specific celestial position of the GWs source considered in this work) and celestial positions of pulsars are shown in figure (9) . With the promotion from the current PTA to the PTA in SKA era, for b polarization mode, the number of pulsars indeed increases, but for other three polarization modes, there is no effective increase of pulsar number. The variance of square of geometrical terms of the pulsars (for the specific celestial position of the GWs source considered in this work) is shown in table (2). The variance reveals the spread of the values of geometrical terms. The small variance means that the contributions of each pulsar in the PTA to the signal-tonoise ratio are comparable, and the large variance means that there are some pulsars which have dominant contributions to the signal-to-noise ratio. Although each pulsar in the IPTA has comparable contributions to the signal-to-noise ratio, the number of pulsars is not enough to suppress the fluctuations. For the b mode, the variance of the simulated PTA in SKA era is small, the number of pulsars indeed increases, so the fluctuations of b mode are well suppressed. For the l, sn, se modes, the variance of geometrical terms of pulsars in SKA era PTA is large, which means that, although the array is larger, there are only a few pulsars that have dominant contributions to the signal-to-noise ratio. We can see that the extent of fluctuations is consistent with the quantities of variance for the three modes.
Conclusions
In metric theories of gravity, GWs can have up to six possible polarizations. Unlike interferometric detectors, a PTA includes a large number of "arms". The directional complexity makes PTA superior for detecting different polarization modes of GWs. In this work, we considered the capabilities of current and future PTAs to constrain the non-Einsteinian polarizations. The GW source considered in this paper is a inspiralling supermassive black hole binary in circular orbit. And we neglected the frequency evolution of the binary. We started by considering the responses of timing residuals to the GWs in GR. And then we extended the results to the general polarization modes of GWs. The timing residuals of other four possible polarization modes were shown in the equations (40). The capabilities of PTAs to constrain the non-Einsteinian polarizations are represented by the quantities of parameters (c b , c sn , c se , c l ) in the equations (40) that can make signalto-noise ratio (41) just reach the detection threshold. The timing residuals caused by GWs depend on chirp mass, orbital frequency and inclination angle of the binary, as well as distances and celestial positions of the binary and pulsars. We analyzed the influence of chirp mass, orbital frequency and inclination angle on the capabilities of PTAs to constrain the non-Einsteinian polarizations. For the binary, we considered a circular binary system with distance r = 16.5 Mpc and celestial position (α, δ) = (3.2594 rad, 0.2219 rad) located in the Virgo cluster as in the previous work [19] . For the pulsars, we used the same simulated PTA in the previous work [19] to represent current PTAs. The PTA consist of 30 IPTA pulsars as listed in table (1). To represent next generation PTAs, we employed the simulated PTA in the work [23] which was constructed using simulated pulsar catalog in [22] and selecting 1026 MSPs within 3 kpc from us. The simulated pulsar catalog [22] contains the pulsars which come from simulations based on pulsar population modes and can be discovered by SKA.
For the current PTA, we analyzed the influence of the inclination angle on the constraints of the non-Einsteinian modes of gravitational waves, and found that the constraints of b, l modes are best when the inclination angle is 90
• and are divergent when the inclination angle is 0
• or 180
• , the constraints of se mode are best when the inclination angle is 0 For the future PTA in SKA era, we found the constraints on the non-Einsteinian modes of gravitational waves are about two orders tighter that those by the current PTA, which is due to larger PTA in SKA era, and the smaller timing uncertainties for each pulsar. For instance, we found that with the optimal inclination angle, the GW source with M c = 1.93 × . More interesting, due to effects of the geometrical factors, we found that in SKA era, the constraints on the l, sn, se modes of GWs are purely dominated by several pulsars.
In the end of this article, we should emphasize that, although we considered only the SMBHB in Virgo Cluster as an example for illustration, the conclusion and the constraints derived in this paper can be simply extended to the SMBHB at any distance. Ignoring the small differences between observed masses and physical masses, and that between observed frequency and physical frequency, the constraints of various polarization modes derived in this paper will be increased by a factor r/r v (r and r v are the luminosity distances of SMBHB and Virgo cluster respectively), since the value of signal-tonoise ratio is inversely proportional to the distance of the GW sources. Figure 2 The influence of inclination angle on the capabilities of current PTAs to constrain the non-Einsteinian polarizations. The horizontal axes denote the inclination angle ι which is defined as the angle of the binary orbital angular momentum with respect to the line of sight. The vertical axes denote the constraints of the parameters (c b , c sn , c se , c l ) in equations (40) which represent the capabilities of PTAs to constrain the non-Einsteinian polarizations. The constraints of the parameters are determined by making signal-to-noise ratio (41) just reach the detection threshold which is set to ρ = 10. The colors denote the different polarizations. As in the previous work [19] , we consider a circular binary system located in the Virgo cluster with distance r = 16.5 Mpc and celestial position (α, δ) = (3.2594 rad, 0.2219 rad) as the GWs source. We use the same simulated PTA data sets taken from the previous work [19] Figure 3 The influence of frequency on the capabilities of current PTAs to constrain the non-Einsteinian polarizations. The horizontal axes denote the frequency of the GWs which is also the orbital frequency for the non-Einsteinian polarizations (38). The sensitivity frequency band is determined by the pattern of the observation. In our analyses, we assume an observation with 10-year span and 2-week cadence which correspond to the frequency band 3.17 − 414nHz. The vertical axes denote the constraints of the parameters (c b , c sn , c se , c l ) in equations (40) which represent the capabilities of PTAs to constrain the non-Einsteinian polarizations. The constraints of the parameters are determined by making signal-to-noise ratio (41) just reach the detection threshold. The distances and celestial positions of the GWs source and the pulsars, as well as the detection threshold remain the same with the previous case at which we have considered the influence of inclination angle. EC Figure 5 Sky positions of all pulsars in the simulated PTA which is used to represent the next generation PTAs. The PTA considered here is taken from the previous work [23] . It was constructed using simulated pulsar catalog in [22] and selecting 1026 MSPs within 3 kpc from us. The dots show the locations of the MSPs constituting the simulated PTA used in this paper. The Milk Way plane is shown as a blue band, and the galactic center is shown as a red star. The green cross denotes the celestial position of gravitational waves source. figure (4) , but here the current PTA is replaced by the simulated PAT in SKA era. Figure 9 The magnitude of geometrical terms of four modes and celestial positions of pulsars. The magnitude of geometrical terms of all-sky positions can be calculated by equations (34), if a specific celestial position of GWs source is given. There is divergence in the geometrical terms of l, se, sn modes. The red and white holes denote the regions where the values of geometrical terms exceed 1 or −1. The green cross denotes the celestial position of gravitational waves source. The blue dots denote simulated pulsars in SKA era PTA, the dark blue triangles denote pulsars in current PTA. Because of geometrical terms, for a pulsar located at a specific position, the timing residual responses to four polarization modes are different.
